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We compute the polarization function in a doped three-dimensional anisotropic-Weyl semimetal,
in which the fermion energy dispersion is linear in two components of the momenta and quadratic in
the third. Through detailed calculations, we find that the long wavelength plasmon mode depends
on the fermion density ne in the form Ω
⊥
p ∝ n
3/10
e within the basal plane and behaves as Ω
z
p ∝ n
1/2
e
along the third direction. This unique characteristic of the plasmon mode can be probed by various
experimental techniques, such as electron energy-loss spectroscopy. The Debye screening at finite
chemical potential and finite temperature is also analyzed based on the polarization function.
I. INTRODUCTION
Studying the intriguing properties of various semimet-
als have been one of the core subjects in condensed mat-
ter physics for more than one decade [1–10], starting from
the successful fabrication of monolayer graphene [11, 12].
The surface state of three-dimensional (3D) topological
insulator bears strong similarity to graphene, and both of
these two systems are classified as two-dimensional (2D)
Dirac semimetal (DSM) [13, 14]. It is currently clear
that there are a variety of semimetals materials, includ-
ing 3D DSM [1, 2], 3D Weyl semimetal (WSM) [3–8],
and nodal line semimetal (NLSM) [9, 10]. It is inter-
esting that some of such semimetals provide a nice plat-
form to realize the interesting concepts of chiral anomaly
by probing the negative magnetoresistance [15, 16]. In
addition, there exit 2D semi-DSM [17–27], 3D double-
WSM [28–40], 3D triple-WSM [30, 34, 37–43], and 3D
anisotropic-WSM (ani-WSM) [30, 44–46].
In this paper, we pay attention to 3D ani-WSM where
the Weyl fermion spectrum displays linear dependence
on two components of the momenta and quadratic de-
pendence on the third [30, 44–46], namely
E = ±
√
v2
(
k2x + k
2
y
)
+A2k4z . (1)
Such 3D ani-WSM might be produced at the quantum
critical point (QCP) between a normal insulator and a
WSM, or at the QCP between a normal insulator and
a topological insulator in 3D noncentrosymmetric sys-
tems [44]. For 3D ani-WSM, the chirality of the band-
touching point is zero [44]. First principle calculations
suggested that the topological quantum phase transition
(QPT) from normal insulator to topological insulator in
a noncentrosymmetric system can be tuned by apply-
ing pressure to BiTeI [47]. This theoretical prediction
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was subsequently confirmed by experiments carried out
by means of x-ray powder diffraction and infrared spec-
troscopy techniques [48].
It is also proposed [30] that a semimetallic state in
which the fermion excitations have the dispersion of
Eq. (1) can emerge at the QCP between normal insu-
lator and topological 3D DSM, or the QCP between 3D
DSM and weak topological insulator or topological crys-
talline insulator. The analysis made by Yuan et al. [49]
showed that the fermion dispersion given by Eq. (1) may
be realized in ZrTe5 at the QCP between insulator phase
and DSM phase. Remarkably, recent quantum oscillation
measurements provided important clue for the existence
of such type of fermionic excitations in ZrTe5 under pres-
sure [50].
In an intrinsic semimetal, the chemical potential is
exactly zero, and the density of states (DOS) van-
ishes at the Fermi level. As a result, the dynamically
screened Coulomb interaction between the fermion ex-
citations is still long-ranged. Extensive renormaliza-
tion group (RG) [51] analysis revealed that the long-
range Coulomb interaction in various intrinsic semimetals
might be marginally irrelevant [12, 25–27, 32–34, 42, 52],
relevant [53, 54], or irrelevant [45, 55], determined by
the specific fermion dispersion and the spatial dimension
of the system. In the special case of 3D ani-WSM, the
Coulomb interaction is found to be irrelevant [45] and
thus does not significantly modify the low-energy behav-
iors of free fermions, which is consistent with the previous
work of Abrikosov [56].
In realistic semimetal materials, the chemical potential
usually takes a finite value, and its value can be adjusted
by changing the gate voltage. For semimetals defined at
a finite chemical potential, there are undamped collec-
tive modes, namely plasmon. The properties of plasmon
is directly related to the energy dispersion of fermion
excitations, and can be experimentally investigated by
various techniques, such as the electron energy-loss spec-
troscopy [57, 58]. In recent years, there appeared cer-
tain amount of theoretic studies for the plasmon mode
in several sorts of doped semimetals, including 2D DSM
2[59–61], 2D semi-DSM [22, 24], 3D DSM/WSM [62–65],
3D NLSM [66, 67], 3D multi-WSMs [38], and some other
novel fermion systems [68, 69]. However, a systematic
study for the plasmon in the case of doped 3D ani-WSM
is still lacking.
In this paper, we calculate the polarization function in
the context of doped 3D ani-WSM, and then analyze the
asymptotic behavior of plasmon in the long wavelength
limit. It is found that the plasmon within the basal plane
exhibits the behavior Ω⊥p ∝ n
3
10
e , and the one along the
third direction is given by Ωzp ∝ n
1
2
e , where ne is the den-
sity of fermions. These behaviors could be probed by
experiments, which is expected to offer important evi-
dence for the existence of fermions with the dispersion
given by Eq. (1). On the basis of the polarization, the
Debye screening at finite chemical potential and finite
temperature is also analyzed.
The rest of the paper is organized as follows. The
model considered by us is presented in Sec. II. In Sec. III,
the polarization function is calculated and presented in
the form a general expression. The plasmon in doped 3D
ani-WSM is analyzed in Sec. IV. In Sec. V, we analyze the
behaviors of the Debye screening at finite chemical poten-
tial and finite temperature. We summarize our results in
Sec. VI, and present in the Appendices the calculational
details for the derivation of the polarization function in
the long wavelength limit, the integration over the az-
imuthal angle, and the analysis of Debye screening.
II. MODEL AND FEYNMAN RULES
For a doped 3D ani-WSM, the free fermion action is
given by
Sf =
∫
dτd3xψ† (∂τ + µ+H)ψ, (2)
where ψ represents the spinor field and µ is the chemical
potential. The Hamiltonian density takes the from
H = iv∂xσx + iv∂yσy +A∂2zσz (3)
with σx,y,z being the Pauli matrices. Here, v and A are
two model parameters. The Coulomb interaction is de-
scribed by
SC =
∫
dτd3xd3x′
(
ψ†ψ
)
τ,x
e2
2κ |x− x′|
(
ψ†ψ
)
τ,x′
, (4)
where e is the electric charge and κ the dielectric con-
stant.
The fermion propagator is written in the Matsubara
formalism:
G0(iωn,k) =
1
iωn + µ− (vkxσx + vkyσy +Ak2zσz)
, (5)
where ωn = (2n+ 1)πT . Making analytical continuation
iωn → ω + iη leads to the retarded fermion propagator:
Gret0 (ω,k) =
1
ω + µ− (vkxσx + vkyσy +Ak2zσz) + iη
.(6)
The bare Coulomb interaction can be written as
V0 (q) =
4πe2
κ|q|2 . (7)
After including the dynamical screening caused by the
collective particle-hole excitations, we write down the
dressed retarded Coulomb interaction
V ret (Ω,q) =
V0(q)
ǫr(Ω,q)
, (8)
which is obtained by using the random-phase approxi-
mation (RPA). The dielectric function ǫr(Ω,q) is defined
as
ǫr(Ω,q) = 1 + V0(q)Π
ret(Ω,q), (9)
where Πret(Ω,q) is the retarded polarization function.
The collective plasmon mode is determined by the con-
dition
ǫr(Ωp,q) = 1 + V0(q)Π
ret(Ωp,q) = 0. (10)
In the following, we will calculate the polarization func-
tion and then analyze the asymptotic behavior of the
plasmon mode in the long wavelength limit.
III. GENERAL EXPRESSION OF
POLARIZATION FUNCTION
To the leading order, the polarization function reads
Π(iΩm,q) = −N 1
β
∑
iωn
∫
d3k
(2π)3
Tr [G0(iωn,k)
×G0 (i (ωn +Ωm) ,k+ q)] , (11)
where Ωm = 2mπT and β =
1
T
. Utilizing the standard
spectral representation
G0 (iωn,k) = −
∫ +∞
−∞
dω1
π
Im [Gret0 (ω1,k)]
iωn − ω1 , (12)
we obtain
Π(iΩm,q) = −N
∫
d3k
(2π)3
Tr
[∫ +∞
−∞
dω1
π
Im
[
Gret0 (ω1,k)
]
×
∫ +∞
−∞
dω2
π
Im
[
Gret0 (ω2,k+ q)
]]
× 1
β
∑
iωn
1
iωn − ω1
1
iωn + iΩm − ω2 . (13)
Summing up all frequencies leads to
1
β
∑
iωn
1
iωn − ω1
1
iωn + iΩm − ω2 =
nF (ω1)− nF (ω2)
ω1 − ω2 + iΩm ,
(14)
3which then yields
Π(iΩm,q) = −N
∫
d3k
(2π)3
Tr
[∫ +∞
−∞
dω1
π
Im
[
Gret0 (ω1,k)
]
×
∫ +∞
−∞
dω2
π
Im
[
Gret0 (ω2,k+ q)
]]
×nF (ω1)− nF (ω2)
ω1 − ω2 + iΩm . (15)
The imaginary part of the retarded fermion propagator
is then given by
Im
[
Gret0 (ω,k)
]
= −πsgn(ω + µ) (ω + µ+ vkxσx + vkyσy +Ak2zσz)
× 1
2Ek
[δ (ω + µ+ Ek) + δ (ω + µ− Ek)] , (16)
where the energy
Ek =
√
v2k2⊥ +A
2k4z . (17)
Substituting Eq. (16) into Eq. (15), we find that
Π(iΩm,q) = − N
16π3
∑
α,α′=±1
∫
d3k
[
1 + αα′
Fk,q
EkEk+q
]
×nF (αEk − µ)− nF (α
′Ek+q − µ)
αEk − α′Ek+q + iΩm , (18)
where
Fk,q = v
2kx (kx + qx) + v
2ky (ky + qy)
+A2k2z (kz + qz)
2
. (19)
Here, nF (E) =
1
eE/T+1
is the Fermi-Dirac distribution
function. We then perform the following analytic contin-
uation:
1
x+ iΩm
→ 1
x+Ω+ iη
= P
1
x+Ω
− iπδ (x+Ω) . (20)
Now the imaginary and real parts of the retarded polar-
ization function become
Im
[
Πret(Ω,q)
]
=
N
16π2
∑
α,α′=±1
∫
d3k
×
[
1 + αα′
Fk,q
EkEk+q
]
× [nF (αEk − µ)− nF (α′Ek+q − µ)]
×δ (αEk − α′Ek+q +Ω) , (21)
and
Re
[
Πret(Ω,q)
]
= − N
16π3
∑
α,α′=±1
P
∫
d3k
×
[
1 + αα′
Fk,q
EkEk+q
]
× [nF (αEk − µ)− nF (α′Ek+q − µ)]
× 1
αEk − α′Ek+q +Ω . (22)
The derivation for the polarization function in the long
wavelength limit is shown in Appendix A, and the cal-
culation details for the imaginary and real parts of
the retarded polarization function are presented in Ap-
pendix C. Since the polarization function is invariant un-
der the transformation µ → −µ, reflecting the particle-
hole symmetry, we will choose µ > 0 in the subsequent
calculations.
IV. PLASMON MODE
In this section, we analyze the long wavelength plas-
mon in doped 3D ani-WSM at zero temperature.
As T → 0, the function nF (E) becomes the step
function θ(E). In the long wavelength regime with
max(vq⊥, Aq
2
z) ≪ Ω ≪ µ, it is easy to find that
ImΠret(Ω,q) = 0, which implies the existence of un-
damped plasmon. According to the values of α and α′,
we can see that the real part of the polarization func-
tion is divided into four parts, namely ReΠret++(Ω,q),
ReΠret+−(Ω,q), ReΠ
ret
−+(Ω,q), and ReΠ
ret
−−(Ω,q). In the
regime max(vq⊥, Aq
2
z)≪ Ω≪ µ, it is easy to verify that
ReΠret−−(Ω,q) = 0 due to the relation
[θ (−Ek − µ)− θ (−Ek+q − µ)] = 0. (23)
As shown in Appendix A, in the regime max(vq⊥, Aq
2
z)≪
Ω≪ µ, we have
ReΠret++(Ω,q) ≈ −
(
C⊥++
q2⊥µ
3
2
Ω2
+ Cz++
q2zµ
5
2
Ω2
)
.(24)
ReΠret+−(Ω,q) ≈ C⊥+−q2⊥ + Cz+−q2z , (25)
ReΠret−+(Ω,q) ≈ C⊥−+q2⊥ + Cz−+q2z , (26)
where
C⊥++ =
N
5π2
√
A
, (27)
Cz++ =
3NΓ
(
5
4
)√
A
2π
3
2Γ
(
11
4
)
v2
, (28)
and
C⊥+− = C
⊥
−+ =
N
20π2
√
A
(
1
Λ
1
2
− 1
µ
1
2
)
, (29)
Cz+− = C
z
−+ =
(
6
7
− 3
√
πΓ
(
5
4
)
2Γ
(
11
4
)
)
N
√
A
32v2
×
(
Λ
1
2 − µ 12
)
. (30)
Noticing that∣∣ReΠret++(Ω,q)∣∣≫ ∣∣ReΠret+−(Ω,q)∣∣ , (31)∣∣ReΠret++(Ω,q)∣∣≫ ∣∣ReΠret−+(Ω,q)∣∣ , (32)
4TABLE I: Plasmon mode in various doped semimetals. Here, ne is the fermion density, and the function ne(µ) describes the
relation between ne and chemical potential µ. The plasmon mode is characterized by Ωp.
Material Fermion dispersion ne(µ) Ωp Reference
2D Meta E = ±A|k|2 ne ∝ µ Ωp ∝ n
1
2
e |q|
1
2 [57, 58, 62]
doped 2D DSM E = ±v|k| ne ∝ µ
2 Ωp ∝ n
1
4
e |q|
1
2 [59, 60]
doped 2D Semi-DSM E = ±
√
A2k4x + v2k2y ne ∝ µ
3
2 Ωxp ∝ n
2
3
e |qx|
1
2 ,Ωyp ∝ n
0
e|qy |
1
2 [24]
3D Meta E = ±A|k|2 ne ∝ µ
3
2 Ωp ∝ n
1
2
e [57, 58, 62]
doped 3D DSM/WSM E = ±v|k| ne ∝ µ
3 Ωp ∝ n
1
3
e [62–65]
doped 3D NLSM E = ±
√
A2(k2⊥ − k
2
F )
2 + v2k2z ne ∝ µ
2 Ωp ∝ n
1
4
e [66, 67]
doped 3D double-WSM E = ±
√
A2k4⊥ + v
2k2z ne ∝ µ
2 Ω⊥p ∝ n
1
2
e ,Ω
z
p ∝ n
1
4
e [38]
doped 3D triple-WSM E = ±
√
B2k6⊥ + v
2k2z ne ∝ µ
5
3 Ω⊥p ∝ n
3
5
e ,Ω
z
p ∝ n
1
5
e [38]
doped 3D ani-WSM E = ±
√
v2k2⊥ + A
2k4z ne ∝ µ
5
2 Ω⊥p ∝ n
3
10
e ,Ω
z
p ∝ n
1
2
e
which is valid in the regime max(vq⊥, Aq
2
z) ≪ Ω ≪ µ,
we finally get
ReΠret(Ω,q) ≈ ReΠret++(Ω,q)
≈ −
(
C⊥++
q2⊥µ
3
2
Ω2
+ Cz++
q2zµ
5
2
Ω2
)
. (33)
As mentioned in Sec. II, the plasmon mode is deter-
mined by Eq. (10), which gives rise to
1− 4πe
2κ
q2⊥ + q
2
z
(
C⊥++
q2⊥µ
3
2
Ω2
+ Cz++
q2zµ
5
2
Ω2
)
= 0. (34)
From this equation, we can get the plasmon mode
Ωp = C0
√
C⊥++µ
3
2 sin2(φ) + Cz++µ
5
2 cos2(φ), (35)
where C0 =
√
4πe2κ and φ is the angle between q and z-
axis. The plasmon mode within the basal plane and the
one along the third direction can be respectively written
as
Ω⊥p =
√
4πe2κC⊥++µ
3
4 ∝ µ 34 , (36)
Ωzp =
√
4πe2κCz++µ
5
4 ∝ µ 54 . (37)
According to calculations presented in Appendix B, the
relation between carrier density ne and chemical poten-
tial µ is
ne =
1
5π2v2
√
A
µ
5
2 . (38)
It is now straightforward to obtain
Ω⊥p ∝ n
3
10
e , (39)
Ωzp ∝ n
1
2
e , (40)
which is a unique characteristic of doped 3D ani-WSM,
and can be probed experimentally.
We now would like to compare the plasmon mode in
doped 3D ani-WSM with other analogous semimetals.
The behaviors of plasmon mode obtained in the context
of various doped semimetals as well as traditional metals
are summarized in Table I. It is clear that the plasmon
in 3D fermion systems is always gapped, but the one in
2D fermion systems is gapless. The difference arises form
the fact that the bare Coulomb interaction has distinct
momentum dependence in 2D and 3D. The bare Coulomb
interaction is given by Eq. (7) in 3D, and has the form
V 2D0 (q) =
2πe2
κ|q| (41)
in 2D. For a fixed spatial dimension, the behavior of the
plasmon mode is closely related to the energy disper-
sion of the fermionic excitations. More concretely, in
the isotropic case, the plasmon is also isotropic and its
power takes different value in different semimetals. In
semimetals with anisotropic fermion dispersion, the plas-
mon mode is also anisotropic.
V. DEBYE SCREENING
Based on the results obtained in Appendix D, we find
that
ReΠret(0, 0) =
NT
3
2
2π2v2
√
A
∑
α=±1
∫ +∞
0
dx
√
x
ex+
αµ
T + 1
(42)
in the limit of Ω = 0 and |q| = 0, which represents the
Debye screening induced by finite chemical potential and
finite temperature. At T > 0 and µ = 0, we have
ReΠret(0, 0) =
1
4
(2−
√
2)ζ
(
3
2
)
NT
3
2
π
3
2 v2
√
A
, (43)
5whereas at T = 0 and µ > 0 we find that
ReΠret(0, 0) =
N
3π2v2
√
A
µ
3
2 . (44)
As a consequence of the Debye screening, the dressed
Coulomb interaction becomes short-ranged.
VI. SUMMARY
In summary, we calculate the polarization function in
the context of a doped 3D ani-WSM, and analyze the be-
havior of the long wavelength plasmon. We find that the
plasmon within the basal plane depends on the fermion
density in the form Ω⊥p = n
3
10
e , and that the plasmon
along the third direction behaves as Ωzp ∝ n
1
2
e . These be-
haviors can be experimentally detected and would pro-
vide a useful methods to verify the existence of 3D ani-
Weyl fermions. We expect that such plasmon mode could
be confirmed in BiTeI, ZrTe5, and other semimetals that
host fermion excitations with dispersion Eq.(1).
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Appendix A: ReΠret(Ω,q) in the limit
max(vq⊥, Aq
2
z)≪ Ω≪ µ
1. ReΠret++(Ω,q)
In the limit max(vq⊥, Aq
2
z)≪ Ω, we have
ReΠret++(Ω,q) ≈ −
N
16π3
P
∫
d3k
×
(
1 +
v2k2x + v
2k2y +A
2k4z
E2k
)
×δ (µ− Ek)
∂Ek
∂ki
qi
−∂Ek
∂kj
qj +Ω
= − N
8π3
P
∫
d3k
δ (µ− Ek) ∂Ek∂ki
qi
Ω
−∂Ek
∂kj
qj
Ω
+ 1
= − N
8π3
∫
d3kδ (µ− Ek) ∂Ek
∂ki
qi
Ω
×
(
1 +
∂Ek
∂kj
qj
Ω
)
. (A1)
Since Ek =
√
v2
(
k2x + v
2
y
)
+A2k4z , it is clear that
∂Ek
∂ki
qi
Ω
=
v2kxqx + v
2kyqy + 2A
2k3zqz
EkΩ
. (A2)
Now ReΠret++(Ω,q) can be further written as
ReΠret++(Ω,q) = −
N
8π3
∫
d3kδ (µ− Ek)
×v
4k2xq
2
x + v
4k2yq
2
y + 4A
4k6zq
2
z
E2kΩ
2
= − N
8π3
∫ 2pi
0
dϕ
∫
dk⊥k⊥dkzδ (µ− Ek)
× 1
E2kΩ
2
[
v4k2⊥ cos
2 ϕq2x
+v4k2⊥ sin
2 ϕq2y + 4A
4k6zq
2
z
]
= − N
4π2
[
v4q2⊥
Ω2
∫
dk⊥d|kz|k⊥δ (µ− Ek)
× k
2
⊥
E2k
+
8A4q2z
Ω2
∫
dk⊥d|kz |k⊥
×δ (µ− Ek) k
6
z
E2k
]
. (A3)
We then employ the transformations
E =
√
v2k2⊥ +A
2k4z , δ =
Ak2z
vk⊥
, (A4)
which are equivalent to
k⊥ =
E
v
√
1 + δ2
, |kz | =
√
δ
√
E√
A (1 + δ2)
1
4
. (A5)
It is easy to verify that
dk⊥d|kz | =
∣∣∣∣∣
∣∣∣∣∣
∂k⊥
∂E
∂k⊥
∂δ
∂qz
∂E
∂kz
∂δ
∣∣∣∣∣
∣∣∣∣∣ dEdδ
=
∣∣∣∣∂k⊥∂E ∂kz∂δ − ∂k⊥∂δ ∂kz∂E
∣∣∣∣ dEdδ
=
√
E
2v
√
A
√
δ (1 + δ2)
3
4
dEdδ. (A6)
Utilizing the transformations Eqs. (A5) and (A6), one
can get
ReΠret++(Ω,q) = −
N
4π2
[
q2⊥
2
√
AΩ2
∫ +∞
0
dEE
3
2 δ (µ− E)
×
∫ +∞
0
dδ
1√
δ (1 + δ2)
9
4
+
4
√
Aq2z
v2Ω2
∫ +∞
0
dEE
5
2 δ (µ− E)
×
∫ +∞
0
dδ
1√
δ (1 + δ2)
11
4
]
= −
(
C⊥++
q2⊥µ
3
2
Ω2
+ Cz++
q2zµ
5
2
Ω2
)
, (A7)
6where
C⊥++ =
N
5π2
√
A
, (A8)
Cz++ =
3NΓ
(
5
4
)√
A
2π
3
2Γ
(
11
4
)
v2
. (A9)
2. ReΠret+−(Ω,q)
In the limit max(vq⊥, Aq
2
z) ≪ Ω, ReΠret+−(Ω,q) is ap-
proximately given by
ReΠret+−(Ω,q) ≈
N
16π3
∫
d3k

1− Fk,q
Ek
(
∂Ek
∂ki
qi + Ek
)


×θ (Ek − µ)
2Ek +Ω
≈ N
16π3
∫
d3k
[
1− Fk,q
E2k(
1− ∂Ek
∂ki
qi
Ek
)]
θ (Ek − µ)
2Ek +Ω
. (A10)
Substituting Eq. (A2) into Eq. (A10), one gets
ReΠret+−(Ω,q) =
N
16π3
∫
d3k
[
−A
2k2zq
2
z
E2k
+
v4k2xq
2
x + v
2k2yq
2
y + 4A
4k6zq
2
z
E4k
]
×θ (Ek − µ)
2Ek +Ω
. (A11)
Performing the integration of azimuth angle, we obtain
ReΠret+−(Ω,q) =
N
8π2
[
v4q2⊥
∫
dk⊥d|kz|k⊥ k
2
⊥
E4k
θ (Ek − µ)
2Ek +Ω
+ 2A2q2z
∫
dk⊥d|kz |k⊥
×
(
− k
2
z
E2k
+
4A2k6z
E4k
)
×θ (Ek − µ)
2Ek +Ω
]
. (A12)
Using the transformations Eqs. (A5) and (A6), and per-
forming the integration of δ, ReΠret+−(Ω,q) can be further
written as
ReΠret+−(Ω,q) =
N
8π2
[
4q2⊥
5
√
A
∫ Λ
µ
dE
1
E
1
2
1
2E +Ω
+
√
Aq2z
v2
∫ Λ
µ
dEE
1
2
1
2E +Ω
×
(
6
7
− 3
√
πΓ
(
5
4
)
2Γ
(
11
4
)
)]
. (A13)
In the regime Ω≪ µ, it can be approximated by
ReΠret+−(Ω,q) ≈ C⊥+−q2⊥ + Cz+−q2z , (A14)
where
C⊥+− =
N
20π2
√
A
(
1
Λ
1
2
− 1
µ
1
2
)
, (A15)
Cz+− =
(
6
7
− 3
√
πΓ
(
5
4
)
2Γ
(
11
4
)
)
N
√
A
32v2
×
(
Λ
1
2 − µ 12
)
. (A16)
3. ReΠret−+(Ω,q)
In the limit max(vq⊥, Aq
2
z) ≪ Ω, ReΠret−+(Ω,q) takes
the form
ReΠret−+(Ω,q) ≈
N
16π3
∫
d3k

1− Fk,q
Ek
(
∂Ek
∂ki
qi + Ek
)


×θ (Ek − µ)
2Ek − Ω
≈ N
16π3
∫
d3k
[
1− Fk,q
E2k(
1− ∂Ek
∂ki
qi
Ek
)]
θ (Ek − µ)
2Ek − Ω , (A17)
Substituting Eq. (A2) into Eq. (A17), and carrying out
the integration of azimuth angle, we can get
ReΠret−+(Ω,q) =
N
8π2
[
v4q2⊥
∫
dk⊥d|kz |k⊥ k
2
⊥
E4k
θ (Ek − µ)
2Ek − Ω
+2A2q2z
∫
dk⊥d|kz |k⊥
×
(
− k
2
z
E2k
+
4A2k6z
E4k
)
θ (Ek − µ)
2Ek − Ω
]
.(A18)
Utilizing the transformations Eqs. (A5) and (A6), and
performing the integration of δ, we can get
ReΠret−+(Ω,q) =
N
8π2
[
4q2⊥
5
√
A
∫ Λ
µ
dE
1
E
1
2
1
2E − Ω
+
√
Aq2z
v2
∫ Λ
µ
dEE
1
2
1
2E − Ω
×
(
6
7
− 3
√
πΓ
(
5
4
)
2Γ
(
11
4
)
)]
. (A19)
In the regime Ω≪ µ, it can be approximately written as
ReΠret−+(Ω,q) ≈ C⊥−+q2⊥ + Cz−+q2z , (A20)
7where
C⊥−+ =
N
20π2
√
A
(
1
Λ
1
2
− 1
µ
1
2
)
, (A21)
Cz−+ =
(
6
7
− 3
√
πΓ
(
5
4
)
2Γ
(
11
4
)
)
N
√
A
32v2
×
(
Λ
1
2 − µ 12
)
. (A22)
Comparing Eqs. (A14)-(A16) with Eqs. (A20)-(A22), we
know that
ReΠret+−(Ω,q) ≈ ReΠR−+(Ω,q) (A23)
in the regime max(vq⊥, Aq
2
z)≪ Ω≪ µ.
Appendix B: The density of fermion
The density of fermion is given by
ne =
∫
d3k
(2π)3
θ (µ− Ek)
=
1
8π3
∫ 2pi
0
dϕ
∫
dk⊥k⊥dkzθ (µ− Ek)
=
1
2π2
∫
dk⊥k⊥d|kz |θ (µ− Ek) . (B1)
where Ek =
√
v2k2⊥ +A
2k4z . Employing the transforma-
tions Eqs. (A5) and (A6), the density becomes
ne =
1
4π2v2
√
A
∫ +∞
0
dE
∫ +∞
0
dδ
E
3
2
√
δ (1 + δ2)
5
4
θ (µ− E)
=
1
4π2v2
√
A
∫ µ
0
dEE
3
2
∫ +∞
0
dδ
1√
δ (1 + δ2)
5
4
=
1
5π2v2
√
A
µ
5
2 . (B2)
Appendix C: Further Calculation of polarization function
1. ImΠret(Ω,q)
Eq. (21) in the main body of the paper can be further written as
ImΠret(Ω,q) = I1 − I2 + I3 + I4 − I5 − I6 + I7 + I8 − I9 − I10. (C1)
It can be found that
I2 = I1(Ω→ −Ω). (C2)
I4 = I3 (µ→ −µ) , I5 = I3 (Ω→ −Ω) , I6 = I3 (Ω→ −Ω, µ→ −µ) , (C3)
I8 = I7 (µ→ −µ) , I9 = I7 (Ω→ −Ω) , I10 = I7 (Ω→ −Ω, µ→ −µ) . (C4)
Therefore, we only need to calculate I1, I3, and I7, which are given by
I1 = − N
16π2
∫
dk⊥k⊥
∫
dkz
∫ 2pi
0
dϕ
[
1− Fk,q
EkEk+q
]
δ (Ek + Ek+q +Ω) , (C5)
I3 =
N
16π2
∫
dk⊥k⊥
∫
dkznF (Ek − µ)
∫ 2pi
0
dϕ
[
1 +
Fk,q
EkEk+q
]
δ (Ek − Ek+q +Ω) , (C6)
I7 =
N
16π2
∫
dk⊥k⊥
∫
dkznF (Ek − µ)
∫ 2pi
0
dϕ
[
1− Fk,q
EkEk+q
]
δ (Ek + Ek+q +Ω) , (C7)
where
Fk,q = v
2k2⊥ + v
2k⊥q⊥ cos(ϕ) +A
2k2z (kz + qz)
2
, (C8)
Ek+q =
√
v2 (k2⊥ + q
2
⊥ + 2k⊥q⊥ cos(ϕ)) +A
2 (kz + qz)
4
. (C9)
Suppose that
δ [F1(ϕ)] = δ (Ek + Ek+q +Ω) = δ
(√
v2k2⊥ +A
2k4z +
√
v2 (k2⊥ + q
2
⊥ + 2k⊥q⊥ cos(ϕ)) +A
2 (kz + qz)
4 +Ω
)
.(C10)
8After tedious evaluation, we get
δ [F1(ϕ)] = 2 (Ek +Ω)
[
(Ek +Ω)
2 − (E1 (k,q))2
]− 1
2
[
− (Ek +Ω)2 + (E2(k,q))2
]− 1
2
[δ (ϕ− ϕa1) + δ(ϕ− ϕa2)]
×θ (−Ek − Ω) θ (−Ek − Ω− E1(k,q)) θ (E2(k,q) + Ek +Ω) , (C11)
where
E1(k,q) =
√
v2 (k⊥ − q⊥)2 +A2 (kz + qz)4, (C12)
E2(k,q) =
√
v2 (k⊥ + q⊥)
2 +A2 (kz + qz)
4
. (C13)
Here, ϕa1 and ϕ
b
2 are the two angles satisfying F1(ϕ
a
1,2) = 0 in the range (0, 2π). We then let
δ [F2(ϕ)] = δ (Ek − Ek+q +Ω) = δ
(√
v2k2⊥ +A
2k4z −
√
v2 (k2⊥ + q
2
⊥ + 2k⊥q⊥ cos(ϕ)) +A
2 (kz + qz)
4
+Ω
)
.(C14)
We similarly obtain
δ (F2(ϕ)) = 2 (Ek +Ω)
[
(Ek +Ω)
2 − (E1(k,q))2
]− 1
2
[
− (Ek +Ω)2 + (E2(k,q))2
]− 1
2 [
δ
(
ϕ− ϕb1
)
+ δ(ϕ− ϕb2)
]
×θ (Ek +Ω) θ (Ek +Ω− E1(k,q)) θ (E2(k,q) − Ω) , (C15)
where ϕb1 and ϕ
b
2 satisfy F2(ϕ
b
1,2) = 0 in the range (0, 2π). After substituting Eq. (C11) into Eqs. (C5) and (C7), and
also substituting Eq. (C15) into Eq. (C6), and then carrying out the integration over ϕ, we can get the simplified
expressions of I1, I2, and I3. Making use of the relations Eqs. (C2-(C4), we eventually have
ImΠret(Ω,q) =
∑
α=±1
sgn(Ω)
N
8π2
∫
dk⊥k⊥
∫
dkz [δ1,α − nF (E(k) + αµ)] 1
E(k)
FA1(k,q)FB1(k,q)H1(k,q)
+
∑
α=±1
sgn(Ω)
N
8π2
∫
dk⊥k⊥
∫
dkznF (E(k) + αµ)
1
E(k)
×{FA2(k,q)FB2 (k,q)H2(k,q) − FA3(k,q)FB1(k,q)H3(k,q)} , (C16)
where
FA1 (k,q) =
[
(−E(k) + |Ω|)2 − (E1(k,q))2
]− 1
2
[
− (−E(k) + |Ω|)2 + (E2(k,q))2
]− 1
2
, (C17)
FA2(k,q) =
[
(E(k) + |Ω|)2 − (E1(k,q))2
]− 1
2
[
− (E(k) + |Ω|)2 + (E2(k,q))2
]− 1
2
, (C18)
FA3 (k,q) =
[
(E(k) − |Ω|)2 − (E1(k,q))2
]− 1
2
[
− (E(k)− |Ω|)2 + (E2(k,q))2
]− 1
2
, (C19)
FB1 (k,q) =
[
(2E(k)− |Ω|)2 − v2q2⊥ −A2 (2kz + qz)2 q2z
]
, (C20)
FB2 (k,q) =
[
(2E(k) + |Ω|)2 − v2q2⊥ −A2 (2kz + qz)2 q2z
]
, (C21)
H1(k,q) = θ (−E(k) + |Ω|) θ (−E(k) + |Ω| − E1(k,q)) θ (E2(k,q) + E(k) − |Ω|) , (C22)
H2(k,q) = θ (E(k) + |Ω|) θ (E(k) + |Ω| − E1(k,q)) θ (E2(k,q) − E(k)− |Ω|) , (C23)
H3(k,q) = θ (E(k) − |Ω|) θ (E(k) − |Ω| − E1(k,q)) θ (E2(k,q) − E(k) + |Ω|) . (C24)
2. ReΠret(Ω,q)
After further calculations, we write Eq. (22) of the main body of the paper in the form
ReΠret(Ω,q) = J1 + J2 + J3 + J4 + J5 + J6. (C25)
There exists a number of identities:
J2 = J1 (Ω→ −Ω) , (C26)
J4 = J3 (µ→ −µ) , J5 = J3 (Ω→ −Ω) , J6 = J3 (µ→ −µ,Ω→ −Ω) . (C27)
9It is thus only necessary to calculate J1 and J3, given by
J1 =
N
8π3
∫
dk⊥k⊥
∫
dkz
1
Ek
M1, (C28)
J3 = − N
8π3
∫
dk⊥k⊥
∫
dkznF (Ek − µ) 1
Ek
M1, (C29)
where
M1 = P
∫ 2pi
0
dϕ
Ek (Ek +Ω) + v
2k2⊥ + v
2k⊥q⊥ cos(ϕ) +A
2k2z (kz + qz)
2
(Ek +Ω)
2 −
(
v2 (k2⊥ + q
2
⊥ + 2k⊥q⊥ cos(ϕ)) +A
2 (kz + qz)
4
) . (C30)
It is convenient to define Z = eiϕ, which implies that
cosϕ =
eiϕ + e−iϕ
2
=
Z + Z−1
2
, dϕ =
dZ
iZ
. (C31)
Now M1 can be expressed as
M1 =
1
i
P
∮
|Z|=1
dZF (Z), (C32)
where
F (Z) =
Ek (Ek + Ω)Z + v
2k2⊥Z +
1
2
v2k⊥q⊥
(
Z2 + 1
)
+A2k2z (kz + qz)
2
Z
Z
[
(Ek +Ω)
2
Z −
(
v2 (k2⊥ + q
2
⊥)Z + v
2k⊥q⊥ (Z2 + 1) +A2 (kz + qz)
4
Z
)] . (C33)
Using the residue theorem, we obtain
M1 = −π + π
[
− (3Ek +Ω) (Ek +Ω)− v2
(
k2⊥ − q2⊥
)−A2 (−2k2z + (kz + qz)2) (kz + qz)2]
×
[(
(E2(k,q))
2 − (Ek +Ω)2
)(
(E1 (k,q))− (Ek +Ω)2
)]− 1
2
×
[
θ
(
(E2(k,q))
2 − (Ek +Ω)2
)
θ
(
(E1 (k,q))− (Ek +Ω)2
)
−θ
(
(Ek +Ω)
2 − (E2(k,q))2
)
θ
(
(Ek +Ω)
2 − (E1(k,q))2
)]
. (C34)
Substituting Eq. (C34) into Eqs. (C28) and (C29), it is straightforward to get the expressions of J1 and J3. With
help of (C26) and (C27), we finally find that
ReΠret(Ω,q) =
N
4π2
∑
α=±1
∫
dk⊥k⊥
∫
dkznF (Ek + αµ)
1
Ek
+
N
8π2
∑
α=±1
∑
α′=±1
∫
dk⊥k⊥
∫
dkz [δ1α − nF (Ek + αµ)] 1
Ek
×
[
− (3Ek + αΩ′) (Ek + α′Ω)− v2
(
k2⊥ − q2⊥
)
+A2
(
−2k2z + (kz + qz)2
)
(kz + qz)
2
]
×
[(
(E1(k,q))
2 − (Ek + α′Ω)2
)(
(E2(k,q))
2 − (Ek + α′Ω)2
)]− 1
2
×
[
θ
(
(E1(k,q))
2 − (Ek + α′Ω)2
)
θ
(
(E2(k,q))
2 − (Ek + α′Ω)2
)
−θ
(
(Ek + α
′Ω)
2 − (E1(k,q))2
)
θ
(
(Ek + α
′Ω)
2 − (E2(k,q))2
)]
. (C35)
In the derivation, a constant term that is independent of Ω, q, µ, and T has been dropped.
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Appendix D: Debye Screening
At Ω = 0 and |q| = 0, we have
ReΠret(0, 0) =
N
2π2
∑
α=±1
∫
dk⊥d|kz|k⊥nF (Ek + αµ) 1
Ek
. (D1)
Adopting the transformations shown in Eqs. (A5) and (A6) gives rise to
ReΠret(0, 0) =
N
2π2v2
√
A
∑
α=±1
∫ +∞
0
dE
√
E
1
e
E+αµ
T + 1
=
NT
3
2
2π2v2
√
A
∑
α=±1
∫ +∞
0
dx
√
x
1
ex+
αµ
T + 1
. (D2)
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